We discuss Tate-type problems for F-isocrystals, that 
Introduction
In this paper we give several results on the Tate-type problem for F-isocrystals on a scheme of positive characteristic. The Tate-type problem asks the analyticity of formal horizontal sections of overconvergent F-isocrystals. Such a problem appears neither in the classical cases nor in the l-adic cases. We prove that the Tate-type problem is valid for unit-root F-isocrystals. We apply this result to the finite monodromy theorem for unit-root F-isocrystals.
We explain our results briefly.
1.1
We fix notation as follows:
p : a rational prime;
k : a perfect field of characteristic p;
V : a complete discrete valuation ring of mixed characteristics with residue field k;
K : the field of fractions of V ;
π : a uniformizer of K ;
σ : the Frobenius map on k.
We also denote by σ a lift of the Frobenius map on V and K if it exists. In the case where we mention F-isocrystals or Frobenius structures, we assume that the Frobenius map lifts on K and we fix it.
Let j : X → Y be an open immersion of separated schemes of finite type over Spec k. Suppose that X is smooth over Spec k and that X is dense in Y . Put Z = Y −X . Denote by Isoc(X/K ) resp., Isoc † ((X, Y )/K ) the category of convergent isocrystals on X/K (resp., the category of overconvergent isocrystals on X/K along Z ). Let a be a positive integer. We denote by F a -Isoc(X/K ) resp., F a -Isoc † ((X, Y )/K ), F a -Isoc(X/K ) 0 , F a -Isoc † ((X, Y )/K ) 0 the category of convergent F a -isocrystals resp., the category of overconvergent F a -isocrystals on X/K along Z , the category of convergent unit-root F a -isocrystals on X/K , the category of overconvergent unitroot F a -isocrystals on X/K along Z with respect to the ath-power Frobenius σ a . Here unit-root means that, for each geometric point in X , all slopes of the Frobenius structure are zeros.
1.2
The Tate-type problems for isocrystals (resp., F a -isocrystals) are the following ones (see [3, Rem. 2.3.9] and [5, Sec. 1.13]). The faithfulness is a natural property of the functors j * (see [3, Cor. 2 
.2.9]), and we have obvious implications (TC) ⇒ (TF) ⇒ (TU).
The proof of the left implication above is the same as the proof of Corollary 4.1.2, and the right one is trivial. J. Tate proved that the natural functor from the category of p-divisible groups over the spectrum of a local normal domain of mixed characteristics (0, p) to that of p-divisible groups over the spectrum of the field of fractions is fully faithful (see [16] ). After his result the similar problem in the case of characteristic p naturally arose. This problem was translated into the problem of Dieudonné modules by Dieudonné theory (see [4] , [1] ), and the problem on homomorphisms of p-divisible groups was finally solved by A. de Jong [9] . The Dieudonné module is one of p-adic local systems over a scheme of characteristic p. P. Berthelot [3] constructed the theory of p-adic local systems, which one calls F-isocrystals, over a scheme of characteristic p. Especially, an overconvergent F-isocrystal is important since the p-adic local system that has a geometric origin is thought to be an overconvergent F-isocrystal. Hence, the Tatetype problems as above are natural. In the case of curves, R. Crew proved Conjecture 1.2.1 for objects of rank 1 in [5, Th. 4.10] , and the author proved it for unit-root F a -isocrystals of arbitrary rank in [17, Th. 5.1.1].
In Section 6 we prove the following theorem. In the case where U = X , we have the following corollary. COROLLARY 
Conjecture (TU) is true if Y is smooth over
Spec k.
1.3
Keep the notation as in Section 1.1. Let M be an overconvergent isocrystal on X/K along Z . We consider the problem of whether M can extend on Y after taking a generically finiteétale covering. Our result for unit-root F a -isocrystals is the following theorem, and we prove it in Section 7. A general isocrystal or an F a -isocrystal M might not extend on Y . But we expect that we can find a proper surjective genericallyétale morphism w : Y → Y such that Z = Y − X is a strict normal crossing divisor in Y and, locally on Y , the connection of M extends to a connection with logarithmic poles on a rigid analytic lifting of Y . In the case of F-isocrystals on a curve, this problem is equivalent to the quasi-unipotent conjecture of Crew in [7, Sec. 10.1] . It is unsolved even in the case of curves in general. This problem is one of the important steps in showing the finiteness of the rigid cohomology with coefficients of overconvergent F-isocrystals (see [2] ).
Local studies

2.1
] : the ring of formal power series with coefficients in V ;
a n x n a n ∈ K , there exists 0 < η < 1 such that
For any ring R as above, put R = R d x and let d :
R includes S, S Q , and E † , but R and E have no inclusion relation with each other. Define | | on E by | a n x n | = sup n |a n |. E (resp., E † ) is a complete discrete valuation field (resp., a Henselian discrete valuation field) under the absolute value | | with residue field k((x)). The valuation of E is an extension of that on K . We denote by O E (resp., O † E ) the integer ring of E (resp., E † ). Let R be one of K -algebras S Q , E † , and E , and denote by O R the integer rings S, O † E , and O E , respectively. We recall the definition of several categories in [19, Sec. 3] .
Define a category M ∇ R whose objects are free R-modules of finite rank with a Kconnection ∇ : M → M ⊗ R R and whose morphisms are R-linear homomorphisms that commute with connections. The category M ∇ R is a K -linear abelian category with tensor products and duals, and its unit object is
for an object M in M ∇ R . Let σ be a Frobenius on R, that is, a lifting of the Frobenius on O R /πO R and σ on K . Let a be a positive integer. Let K σ a (resp., R σ a ) be the fixed subfield of K (resp., R) by σ a . Then
We say that a free R-module of finite rank with a σ a -linear homomorphism ϕ : M → M is a ϕ-module with respect to σ a if and only if the induced R-linear homomorphism (σ a ) * ϕ : (σ a ) * M → M is an isomorphism. A morphism of ϕ-modules is an R-linear homomorphism that is compatible with Frobenius structures ϕ. We say that an object M isétale if and only if there exists a ϕ-
In other words, all slopes of the Frobenius structure ϕ of M are zeros. We denote by MF R,σ a the category of ϕ-module over R with respect to σ a and by MF´e t R,σ a the full subcategory of MF R,σ a which consists ofétale objects. The category MF´e t R,σ a is a K σ a -linear abelian category with tensor products and duals, and its unit object is R = (R, σ a ). Define a K σ a -vector space by
We say that a free R-module of finite rank with a K -connection ∇ : M → M ⊗ R R has a compatible Frobenius structure ϕ : M → M with respect to σ a if and only if the pair (M, ϕ) belongs to MF´e t R,σ a and ∇ and ϕ satisfy the relation
A morphism of free R-modules of finite rank with a Kconnection and a compatible Frobenius structure is an R-linear homomorphism that commutes with connections ∇ and Frobenius structures ϕ. We denote by MF ∇ R,σ a the category of free R-modules of finite rank with a K -connection and with a compatible Frobenius structure. We say that an object M in MF ∇ R,σ a isétale if and only if the Frobenius structure ϕ of M isétale, and we denote by MF ∇,ét R,σ a the full subcategory of MF ∇ R,σ a which consists ofétale objects. The category MF ∇ R,σ a is a K σ a -linear abelian category with tensor products and duals, and its unit object is R = (R, d/d x, σ a ). Moreover, the subcategory MF ∇,ét R,σ a is closed under subquotients, tensor products, and duals, and it is also a K σ a -linear abelian category. Define a K σ a -vector space by 
2.2
Let M be an object in M ∇ S Q (resp., M ∇ E ). If we fix a basis of M, then a norm on M is determined as a module over the normed ring S Q (resp., E ). Fix a norm on M. We say that the connection ∇ satisfies condition (C) if and only if the condition
holds for any element e ∈ M and any η < 1. Condition (C) is independent of the choice of a basis of M. If a connection on a free S Q -module (resp., E -module) of finite rank admits a Frobenius structure with ∇ • ϕ = (σ ⊗ ϕ) • ∇, then the connection satisfies condition (C). The subcategory of M ∇ S Q (resp., M ∇ E ) which consists of objects whose connection satisfies condition (C) is closed under subquotients, tensor products, and duals and contains the unit object. 
Proof
The injectivity is trivial. Let e 1 , . . . , e r be a system of basis of M, and let M ∨ (resp., e ∨ 1 , . . . , e ∨ r ) be the dual of M (resp., the dual basis). Then the connection of M ∨ also satisfies condition (C). Put ∇(d/d x) n ( t (e 1 , . . . , e r )) = G n t (e 1 , . . . , e r ) resp.,
. Then the matrix
) is a solution of the system of linear differential equations
. By the existence of the solution for the dual module
such that all slopes of the Frobenius structure of M are less than or equal to zero, then the natural map
is bijective. In particular, the functor
is fully faithful.
In [9] de Jong proved the integral version of the following theorem in the case where K is absolutely unramified and a = 1.
is fully faithful. In other words, the natural map
Then one can easily reduce the full faithfulness of the functor
to the case where a = 1. Let us denote by S 0,Q (resp., E 0 ) the subring of S Q (resp., E ) whose field of scalars is the maximally absolutely unramified subfield of K . Since the category MF ∇ R,σ does not depend on the choice of Frobenius σ (see [19, Th. 3.4 .10]), we may assume that S 0,Q is stable under the Frobenius σ . Now consider the natural functor
and (E 0 , E ). Then one can easily see that de Jong's theorem (see [9, Th. 9 .1]) implies the full faithfulness for a = 1.
2.3
We state several conjectures as follows. CONJECTURE 
Let M be an E † -module of finite rank with a connection. We say that the connection of M satisfies condition (OC) if and only if the infinite sum
converges in M for any element e ∈ M and w ∈ E † with |w| < 1. Denote by M
which consists of objects whose connection satisfies condition (OC) (resp., (C)). (The subcategory M ∇,OC E † is closed under subquotients, tensor products, and duals and contains the unit object (E † , d/d x). Hence, it is K -linear abelian.) Then the functor
Let σ be a Frobenius on E † . Then the functor
We also expect the bijectivity of Conjecture 2.3.1 without any assumptions on the connections. In the case where the rank of M over E † is 1, the bijectivity of Conjecture 2.3.1 is true without the assumptions on connections (see [5, Sec. 4 
.1]). (2)
If a connection admits a compatible Frobenius structure, then the connection satisfies condition (OC) (see [19, If the connection over E † (resp., S Q ) comes from an overconvergent isocrystal, then the connection satisfies condition (OC) (resp., (C)) (see [3, Prop. 2.2.13] (resp., [3, Cor. 2.2.14])).
Some properties of isocrystals
3.1
Let j : X → Y be an open immersion of separated schemes of finite type over Spec k. Suppose that X is smooth over Spec k and that X is dense in
In other words, 
The same holds for F-isocrystals.
Proof
The proof is the same as in [2, Prop. 1.8].
3.2
We recall the gluing lemma of isocrystals (see [3, 
Suppose that M and N are overconvergent isocrystals on X/K along Y − X and that, for all i, there is a morphism 
and that, for any i and i , there is an isomorphism
M i | ]Y i ∩Y i [ P i ∩ P i ∼ = M i | ]Y i ∩Y i [ P i ∩ P i which
satisfies the usual cocycle condition. Then there exists an overconvergent isocrystal
If there is a morphism
The same holds for F-isocrystals.
The next corollary follows from the faithfulness of the functor j * U : 
for each i and m, then there exists a unique morphism
The faithfulness of the functor j † U follows from the faithfulness of the functor j * : Assume that X = Spec R[1/y] is smooth over Spec V and that there exists a system of coordinates x, x 2 , . . . , x n of X over Spec V such that the sectionx of the image of x in R/π R defines a nonempty smooth irreducible divisor in X . Assume furthermore that x is contained in R and thatx is not divisible byȳ i in R/π R for all i. Let D be a smooth divisor in X defined by the section x, and put
in Y an which is defined by |y| π −1/ p n (resp., |x y| π −1/ p n ) for any positive integer n. Then {W X n } (resp., {W U n }) is a system of fundamental strict neighbor-
Here means the p-adic completion. Then 
Choose a system of {x
; j 2] at the prime ideal (x, π), and then take the completion 
, where | | is the p-adic norm on E since π is a prime divisor on the p-adic formal affine integral scheme U . LEMMA 
With the notation as above, we have
]Y [ Y , j † O ]Y [ Y = S Q ∩ ]Y [ Y , j † U O ]Y [ Y in E .
Proof
Note that, for a ∈ R U n (resp., a ∈ R X n ), we can write a = ∞ m=0 a ms m (resp., 
Hence, we haveã
for someb m 1 ∈ R and r 0. Sincex is prime to the prime divisorȳ i for all i,b m 1 is divisible by y r modulo π. Therefore, we have 
Proof of Theorem 4.1.1
We have only to prove the fullness. Hence, it is sufficient to prove that the natural injection
is bijective for any object M in Isoc † ((X, Y )/K ) by Proposition 3.1.1 (see the notation H 0 in Section 3.1). By Proposition 3.1.2, we can replace k by a finite extension k , and we may assume that Y is geometrically irreducible. We may assume the situation of Section 4.2 by Corollary 3.2.3. Now we keep the notation as in Section 4.2 and assume furthermore that R is smooth over Spec V . 
So both horizontal rows in the diagram above are exact, and the right vertical arrow is injective by Lemma 4.2. 
We have already proved the bijectivity of the composition; hence, the left arrow is bijective. This completes the proof.
Trace map
5.1
Consider the following commutative diagram of integral separated k-schemes of finite type: 
Sinceétaleness is an open condition and P 1 / P 2 is finite, we can choose a strict neighborhood U 2 of ]X 2 [ such that
. We construct an overconvergent connection on w * M . Since the connection of N is overconvergent and w an × w an :
there exists an isomorphism : 
is Cartesian for l = 1, 2.
Proof
The proof is as in [6, Sec. 1.7] . Consider the commutative diagram
Here U 2 × q l 2 U 1 means the fiber product for the map q l 2 :
Since N is coherent, w an | U 1 is finite, and q l 2 | U 2 (l = 1, 2) is flat, induces the isomorphism
by Lemma 5.1.1. One can check that this isomorphism satisfies the cocycle condition by the same method. Hence, this isomorphism induces an overconvergent connection on w * M . We have finished constructing the direct image functor w * . We also recall the inverse image functor
Sinceétaleness is an open condition and P 1 / P 2 is finite, we can find a strict neighborhood
One can easily see that the connection of M induces an overconvergent connection on w * M . Of course,
In the case of F a -isocrystals, we fix a lift of the Frobenius σ on P 2 . We define the Frobenius structure as follows. Put λ < 1. Let U 2,λ (resp., U 2,λ p a ) be a strict neighborhood of ]X 2 [ of radius λ (resp., λ p a ), and let U 1,λ (resp., U 1,λ p a ) be the pullback of U 2,λ (resp., U 2,λ p a ) by w an . Note that the Frobenius σ on P 2 induces the Frobenius σ a : U 1,λ p a ) isétale over U 2,λ (resp., U 2,λ p a ) and the Frobenius extends to the map σ a : U 1,λ → U 1,λ p if one chooses λ sufficiently close to 1. In other words, we have a commutative diagram
if λ is sufficiently close to 1. Therefore, we can define the direct image functor
and the inverse image functor
By construction, the functor w * (resp., w * ) commutes with functors j † and j * . We define an adjoint map
Then one can easily check that the adjoint map ad is a morphism in
The functors w * and w * are adjoint to each other by the adjoint map ad. PROPOSITION 
With the notation as above, let
by the adjoint map ad. The same holds for F-isocrystals.
5.2
Keep the notation as in Section 5.
which is a morphism in Isoc † ((X 2 , Y 2 )/K ) as follows. In the case of convergent isocrystals (i.e., X i = Y i ), we can find a finiteétale morphism P 1 → P 2 of formally smooth schemes of finite type over Spec V which is a lifting of X 1 → X 2 . Then we can define the trace map to be the usual one. In general, the construction of the trace map is a local problem by Corollary 3.2.3. Hence, we may assume the local situation is as in Section 5.1. Since U 1 is finiteétale over U 2 , we can define a trace map tr : w
One can easily check that the trace map tr commutes with connections. If we denote by d the degree of X 1 over X 2 , then the composition some nonnegative integer m. Since x i is a prime divisor in R/π and x 1 , . . . , x d are coordinates, we have ( x
. Continuing this construction, we can write a = π n a n for a n ∈ R. Since R is p-adically complete, we have PROPOSITION 
With the notation as above, suppose that the natural map
is bijective for all i. Then the natural map
is bijective. The same holds for F-isocrystals.
Proof
Consider the following commutative diagram:
, and we have 
The rest is the same. , it is sufficient to see the assertion for the pair (X, Y 1 ). The assertion follows from Proposition 6.5.1.
6.6
Proof of Theorem 1.
2.2
In the case where X = U , one can prove the assertion by an argument similar to that of Proposition 6.5.1 using Proposition 6.2.2. In general, consider the natural commutative diagram
of categories. Since both slanting arrows are fully faithful by the previous step, the functor j * is also. This completes the proof. :
Finite monodromy theorem of unit-root F-isocrystals
Let T be a scheme, and lett be a geometric point of T . Denote by Rep K σ a (π 1 (T,t) ) the category of K σ a -vector spaces of finite dimension with a continuous π 1 (T,t)-action. The category Rep K σ a (π 1 (T,t) ) is independent of the choice of geometric pointt up to the canonical equivalence if T is connected.
First 
The functor G X,x is independent of the choice of geometric pointx of X up to the canonical equivalence. The natural equivalence means that G X,x commutes with tensor products, duals, and the functor of inverse image for any morphism of smooth k-schemes with a base point.
7.2
In 
Proof
The uniqueness follows from Theorem 4.1.1. Suppose that the representation 
Therefore, it remains to prove that the representation π 1 (X,η) → GL(V ) factors through the surjection π 1 (X,η) → π 1 (Y,η). By the theorem of purity (see [12, 
In the case where dim X = 0, there is nothing to prove, so we assume that dim X 1. Denote by F (resp., F) the field of fractions of the completion of O Y,t at the valuation defined by the point t of height 1 (resp., an extension of F as a complete discrete valuation field with the same uniformizer of F such that the residue field of F is an algebraic closure of that of F). Let k (resp., K ) be the residue field of F (resp., a field
Fix a separable closure F sep of F which includesη, and let F sep be the separable closure of F in F sep . Let F n (resp., F n ) be the fixed field in F sep (resp., F sep ) by the kernel of the homomorphism Gal(F sep /F) → GL( /2 pπ n ) (resp., Gal( F sep / F) → GL( /2 pπ n )) for any positive integer n (π is a uniformizer of the triple K , K , and K σ ). To prove the assertion, we have only to show that the restricted representation Gal(F sep /F) → π 1 (Spec O Y,η ,η) → GL(V ) is unramified. This is equivalent to the assertion that the extension F n over F is unramified for all n. First we show that Gal( F sep / F) acts trivially on V , in other words, that F n = F for all n.
Choose a smooth affine scheme Spec R of finite type over Spec V such that Spec R ⊗ V k is an open integral subscheme of Y which contains the point t of height 1. If we choose a sufficiently small affine scheme Spec R, we may assume that there is a system x 1 , . . . , x n of coordinates of Spec R over Spec V such that the closure of the point t is defined by the image of x 1 in Spec R ⊗ V k. Then we can define a lift of Frobenius σ on the p-adic formal scheme Spf R with σ (x i ) = x p i for all i. Let Rt be the x 1 -adic completion of R, and let R X,t be the p-adic completion of Rt [1/x 1 ]. Then R X,t is a regular local domain of the maximal ideal (π ), and R X,t ⊗ V k = F. The Frobenius σ on R extends uniquely to R X,t . We define two rings as follows:
E F = ∞ n=−∞ a n x n 1 a n ∈ K , sup |a n | < ∞, |a n | → 0 (n → −∞) resp., E † F = ∞ n=−∞ a n x n 1 ∈ E F |a n |ξ n → 0 (n → −∞) for some ξ < 1 .
E F (resp., E † F ) is a complete (resp., Henselian) discrete valuation field with residue field F. We define a Frobenius on E F (resp., We continue the proof of Lemma 7.2.2. By the assumption, the corresponding local object of our overconvergent unit-root F-isocrystal M satisfies the assumption of Lemma 7.2.4 by the commutativity of diagrams ( * ) and ( * * ). Hence, Lemma 7.2.4 implies that Gal( F sep / F) acts trivially on V .
To complete the proof, we have only to check that the residue extension of F n over F is separable since the valuation group of F coincides with that of F for F n ⊂ F n . By the construction of the quasi-inverse of D σ (see [13, Sec. 4 .1], [11, A, Prop. 1.2.6]), we know that the extension F n+1 over F n is obtained by several Artin-Schreier extensions that are determined by the Frobenius structure for any n. Hence, the residue extension of F n+1 over F n is separable for any n. This completes the proof of Lemma 7.2.2.
This also completes the proof of Proposition 7.2.1.
